In this letter, we analyze the individual probability of receiving a packet when n nodes transmit simultaneously to a single receiver and a multi-packet reception (MPR) scheme is adopted at the physical layer. The main contribution of this letter is the characterization of the average number of packets successfully received. The generic methodology proposed to compute the probability of successful reception of a packet is obtained taking into account the stochastic nature of the path loss due to the spatial distribution of the nodes, as well as shadowing and fast fading effects. The accuracy of the theoretical approach is finally assessed through simulations, showing that for a generic MPR system, there is an optimal number of transmitters that maximize the average number of received packets.
I. INTRODUCTION
N OWADAYS, Infrastructure-Less Wireless Networks (ILWNs), which include ad hoc and sensor networks, are gaining increasing popularity as they do not need a fixed infrastructure. However, the capacity of ILWNs can be surprisingly low [1] for Single-Packet Reception (SPR) schemes, where any receiver can successfully decode at most one packet at a time. Recently, a few works have shown that the capacity of ILWNs can be improved [2] if MultiPacket Reception (MPR) schemes are adopted, where multiple packets transmitted at the same time from different sources are decoded at the receiver.
In this work we propose a new methodology to compute the individual probability of successful reception in MPR schemes as well as the average number of received packets when n simultaneous transmissions occur. The proposed approach is based on the generic receiving condition presented in [3] and [4] , in which the reception of a packet succeeds if the received power that defines the Signal-to-Interferenceplus-Noise-Ratio (SINR) is higher than a certain receiving threshold.
As the main contribution of our work, the proposed solution is formulated in a generic way, being valid for any spatial distribution of the transmitters and any propagation model, Manuscript as long as the received signals from the multiple transmitters are independent and identically distributed (i.i.d.). A generic noise distribution is also considered at the receiver side. The computation time of the proposed solution is limited by the algorithm adopted to compute the Fourier transform and it is independent of the number of simultaneous transmissions. This is one of the main advantages of the proposed solution.
Our technique allows the computation of optimal number of transmitters for a given reception threshold, which is also an important point in the design of medium access control (MAC) techniques for MPR systems. The probability of successful packet reception is derived in Section II. Section III describes a typical scenario of application. Section IV evaluates the proposed methodology and some concluding remarks are presented in Section V.
II. SYSTEM MODEL In this work we consider a network where n nodes transmit data simultaneously to a single receiver. It is assumed that the signals received from the transmitters are i.i.d. random variables (RVs), characterized by the Probability Density Function (PDF) f P k . The total power received from the multiple transmissions is expressed by
where P k is a random variable representing the power received from the k-th transmitter and N 0 is a RV representing the noise power at the receiver. We assume an MPR receiver where the Signal-toInterference-plus-Noise ratio (SINR) associated to the signal received from node j is defined by
Following the capture condition defined in [3] , the signal from j is successfully received if the following condition holds
The receiving threshold b is a parameter determined by several factors such as the type of modulation and sensitivity of the receiver. Typically for SPR systems b is between 1 and 10, and for MPR systems b < 1 [5] (for example if (3) is used to model a CDMA system, a lower b may represent a higher spreading factor and vice versa). Departing from (3) and using (2), the necessary condition for successful reception of the signal from j is given by
which may be rewritten as
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written as follows (P[X] denotes the probability of X)
Considering the auxiliary RV β = P j − b , it follows
and the characteristic function of β, is given by
where ϕ X represents the characteristic function of the RV X and ϕ P k is the characteristic function of the power received from node k given by
where i is the imaginary unit.
If we assume that each individual power P k is i.i.d., then the PDF of the aggregate power given a total of n active nodes is the convolution of the PDFs of each P k . Thereby, the characteristic function of the aggregate power is given by
Following this rationale, the characteristic function of the aggregate power excluding the power received from the node j is given by
By using (10) in (7), the characteristic function of the RV β can be written as
The characteristic functions ϕ P j (t) and ϕ P k (t) are derived in Section III taking into account the spatial distribution of the transmitters and the propagation effects of the communication channel. Regarding the RV N 0 , Zero-mean Additive White Gaussian Noise (AWGN) is assumed. Since the AWGN follows a complex normal distribution, CN (0, σ N 0 2 ), its power is exponentially distributed and the characteristic function of its power is given by
where σ 2 N 0 represents the noise variance. Finally, the distribution f β (x) can be obtained by the inverse of the characteristic function, so
From (5), the probability of successful packet reception can be written as
and, using (13), we obtain
The PDF f β (x) can be computed through the Fourier transform (FT) of the characteristic function ϕ β (t) given in (11) . By numerically computing (15) we obtain the individual probability of a successful reception, P[S], given n simultaneous transmissions. Finally, the average number of received packets (E r ) is approximated by
III. CHARACTERIZATION OF THE RECEIVED POWER P k
To exemplify a possible application of the proposed model, we consider a scenario where n nodes simultaneously transmit data to a single receiver. The nodes are uniformly distributed within the area A = π D 2 encircling the receiver (D is the circle's radius). The transmission power of each user is influenced by three propagation effects: path loss, small-scale and large-scale fading. Therefore, the power received from the k-th node, P k , is given by
where P T is a constant representing the transmitted power of the k-th node, and k is a RV that represents the fading observed in the channel between the receiver and the transmitter k. A near-field path loss approximation presented in [3] is adopted, where the gain due to path-loss is equal to (R k +1) −α , being the RV R k the distance between the transmitter and the receiver and α is the path loss coefficient. No power control is applied. The goal of this section is the derivation of the characteristic function of P k in order to compute the probability P[S] presented in the last section. The PDF of R k can be written as the ratio between the perimeter of the circle with radius r and the total area A, being represented as follows
The power of the small-scale fading effect is assumed to be distributed according to an exponential distribution with mean 2σ 2 ζ (a normalized power is adopted hereinafter, i.e. 2σ 2 ζ = 1). Regarding the large-scale fading effect, it is assumed to be distributed according to a lognormal distribution with mean power ln(μ) and standard deviation σ ξ [6] . The standard deviation is usually expressed in decibels and is given by σ ξ d B = 10/ln(10)σ ξ . Due to the mathematical intractability of conducting further analysis with the lognormal distribution we have assumed that the large-scale effect follows a gamma distribution, as proposed in [7] . The gamma approximation is parameterized by v and ω s /v, concerning the parameters of shape and scale, respectively, with v = (e σ 2 ξ − 1) −1 and ω s = e μ √ (v + 1)/v. k in (17) represents the composite effects of small and large-scale fading. Having considered Rayleigh fading and gamma shadowing, the PDF of k is represented by a generalized-K distribution [8] . To overcome the analytical difficulties associated to the generalized-K distribution, [9] proposed a gamma distribution approximation relying on the [10] , showing that the PDF of the composite effects of small-scale fading and shadowing are approximated by [9] 
where θ ψ and k ψ are given by
, respectively ( (.) represents the gamma function).
Using (8) and (17), the characteristic function of the power received from the k-th node is written as
which using (18) and (19) can be simplified to the characteristic function in (21), as shown at the bottom of this page, where
and 2 F 1 represents the Gauss Hypergeometric function (more details in Appendix A). The characteristic function in (21) may now be used in (11) to compute the probability of successful packet reception defined in (15).
IV. NUMERICAL RESULTS
This section describes a set of simulations and numerical results to validate the probability of successful packet reception (P[S]), as well as the average number of received packets (E r ). In each simulation trial the n transmitters were randomly spaced from the receiver. The individual distance of each transmitter to the receiver was randomly chosen using an uniform distribution in the interval [1, D] . The fading was randomly generated for each transmitter through a random generator implementing the PDF in (19). The power received from each transmitter (P k ) was then computed according to (17) . At the final stage, the capture criteria (3) was applied to each transmitter to obtain the number of transmissions successfully received in a simulation trial. Finally, the number of successful transmissions was averaged over the total number of trials to obtain E r . The simulations were parametrized according to the data presented in Table I and were computed using the Matlab software package. Figures 1 and 2 illustrate the individual reception probability and the average number of received packets given n transmitters, for different values of b. The curves identified as "Simu." represent the data obtained through simulation, while the ones Average number of received packets (E r ) given n transmitters (P T = 5dB, P N 0 = 0dB).
identified as "Teor." were obtained by numerically computing (15) and (16), for the case of P[S] and E r , respectively. To compute P[S] in (15) we have first computed f β (x) in (13) through the fast Fourier transform (FFT) algorithm (to compute (13), the domain of x was set to [−10, 10] and a step of 2 × 10 −4 was adopted in the FFT algorithm).
Regarding the average number of successful received packets plotted in the Figure 2 , the numerical results are still close to the results obtained by simulation. As can be seen, for each threshold value b there is an optimal number of simultaneous transmitters that maximize the number of successful received packets. Moreover, E r asymptotically tends to 0 as n → ∞.
The optimal number of transmitters, n * , that maximize E r can be determined by computing the root for n of the partial derivative ∂ E r ∂n . Departing from the partial derivative
Average number of received packets (E r ) given n transmitters (P T = {1, 5}dB, P N 0 = 0dB (σ 2 N 0 = 1 and σ 2 N 0 = 0).
∂ E r
∂n given in (22), as shown at the bottom of the previous page, the solution of ∂ E r ∂n = 0 for n has no closed form and, consequently, only a numerical approximation can be computed. Considering that n ∈ {1, 2, ..., N}, the optimal number of transmitters can be approximated by the following optimization problem
In this way, n * can be computed through a brute-force search that numerically computes ∂ E r ∂n in each of the N iterations. In Figure 2 the black asterisks positioned over each curve represent the optimal value of E r obtained for n * computed through (23).
We have compared E r with and without considering noise at the receiver (N 0 ). Two simulation scenarios with different transmitting power levels (P T ) were also characterized: P T = 1dB and P T = 5dB. The remaining parameters adopted in the simulations are according to the values presented in Table I . The simulated and numerical results are plotted in Figure 3 , being close to each other. When noise is absent (σ 2 N0 = 0) the average number of received packets increases. When noise is considered (σ 2 N0 = 1), we observe that for the same threshold b an increase of the transmission power P T leads to an increase of the average number of received packets because higher SINR values are achieved.
Although the trend of the results presented above is as expected, we point out that the proposed methodology to compute the numerical values of P[S] and E r effectively constitutes an advantage in terms of computational time due to the use of the FFT algorithm. Consequently, the proposed characterization is particularly useful to identify the optimal number of transmitters, which is an important parameter when cross-layer optimization techniques are adopted to jointly improve the efficiency of the physical layer with the upper layers.
V. CONCLUSIONS This work characterizes the individual probability of successful packet reception when n simultaneous transmissions occur in a Multi-Packet Reception communication system. The computation of the probability takes into account the path loss effect, small and large-scale fading propagation effects, the decision threshold that characterizes the receiving system and the influence of noise at the receiver side. Finally, several numerical results are compared with simulation data, validating the accuracy of the proposed characterization. 
